Invasion by the red imported fire ant, Solenopsis invicta Buren, has destructive effects on native biodiversity, agriculture, and public health. This ant's aggressive foraging behaviour and high reproductive capability have enabled its establishment of wild populations in most regions into which it has been imported. The key to successful eradication is thorough nest monitoring and destruction during early invasion to prevent range expansion. The question is: How intense must monitoring be on temporal and spatial scales to eradicate the fire ant? Assuming that the ant was introduced into a region and that monitoring was conducted immediately after nest detection in an effort to detect all other potentially established nests, we developed a mathematical model to investigate detection rates. Setting the monitoring limit to 3 years, the detection rate was maximized when monitoring was conducted shifting bait trap locations and setting them at intervals of 30 m for each monitoring. Monitoring should be conducted in a radius of at least 4 km around the source nest, or wider-depending on how late a nest is found. For ease of application, we also derived equations for finding the minimum bait interval required in an arbitrary ant species for thorough monitoring.
variations in the monitoring area and the spatio-temporal intensity of monitoring-not the efficiency of the specific traps utilized. In other words, we assume that the rate of capture of ants caught by a trap when passing over it is 1, and we focus on the spatio-temporal interval at which traps should be set. (See Supplementary Information (SI) section 1 for further explanation.)
Material and Methods

Assumptions
We assume that the red imported fire ant was introduced to a region and settled in the wild 26 . The nest was found some time after the nest started producing alate queens, and monitoring started then. We assume that monitoring is conducted with highly attractive bait traps, such as soybean-oil-absorbed corn grits and hotdogs 27, 28 . We also assume that, with such a bait trap, a fire ant nest is detected at 100% probability when the bait is placed in the foraging territory around the fire ant nest, except when the nest is at the incipient stage. For ease of application, bait traps are set in lattice patterns. We set the origin of the coordinate axes to the location where the first-generation nest (here called the "source nest") was found. Assume that the existence probability distribution of a next-generation nest at location (x, y) varies with the dispersal capability of an alate queen, i.e. the location of a nest is determined solely at the time of independent founding after the nuptial flight, and nest relocation 29 is thereafter not considered. The fire ant has two social forms: monogyne and polygyne. A long-distance nuptial flight, followed by independent colony founding, takes place only when the colony is in the monogynous form 30 . Here, we assume the monogynous form, because in this form the colony expands its range faster 20, 31 and is thus more difficult to detect in monitoring than the polygynous form 32 .
Cases considered: the optimistic and pessimistic case
We will consider two cases: the optimistic case, in which the source nest is found instantly after it starts producing queens, and second-generation alate queens have dispersed only for a short period ( Figure 1a ); and the pessimistic case, in which detection of the source and the second-generation nests is delayed, such that the second-generation nests have started producing queens and third-generation alate queens have dispersed for a short period ( Figure 1b ). The optimistic case corresponds to the situation in which the source nest has remained undetected for a while and the nest has matured to form a mound that someone has discovered by chance. The pessimistic case corresponds to the situation in which the source nest and the second-generation nests have been undetected for a while, and the second-generation nests have matured to form mounds, one of which has been noticed by someone. The source nest is assumed to be found approximately at the same time as the second-generation nest, because it is large and easy to detect once the searchers have been alerted. Note that the monitoring period should be no more than 2 to 3 years in both cases, because the next-generation nests will become sexually mature and produce alate queens in 2 to 3 years 33 , depending on the food density and climatic conditions 34 . In other words, monitoring has to be intense enough to be able to detect all of the dispersed nests within 2 to 3 years.
Dispersal of alate queens
Surveys show that more than 99% of alate queens disperse within 2 km of the source nest 31 , and a simple energetic model suggests that flight capability of alate queens is limited to less than 5 km in the absence of wind 35 . Our focus is to investigate the detection rate with variations in the monitoring area and the spatio-temporal intensity of monitoring-not the dispersal kernel of fire ants in the presence of wind. Therefore, in this paper we assume the absence of wind such that inseminated queens disperse less than 5 km-that is, second-generation nests are distributed within 5 km of the source nest, and thirdgeneration nests (in the pessimistic case) are distributed within 10 km of the source nest (see Supplementary Fig. S1 ). Because monitoring for 5 or 10 km around the source nest could be a costly task, we will consider cases in which the monitoring area does not fully cover the area in which the fire ants are distributed. As the detection rate is expected to increase if the bait locations are shifted for repeated monitoring (see later), we shall consider this case too.
Definition of the detection rate
Given the above assumptions, the detection rate D(t) is defined as follows:
where A m (0 ≤ A m ≤ 1) and O(t)(0 ≤ O(t) ≤ 1) denote the thoroughness and effectiveness of monitoring, respectively, (see SI section 3 for derivation) and time (t) = 0 when monitoring starts. A m is the ratio of the monitoring area to the entire area where second-or third-generation nests (or both) may exist.
where P(x, y) is the existence probability distribution of second-and third-generation nests, and r m is the monitoring range in the direction of the x-and y-axes from the origin; that is, the monitoring area is the square of the monitoring range. P(x, y) denotes the probability that a second-or third-generation queen establishes a nest at location (x, y) and is equivalent to the dispersal kernel of a nuptial flight ( Figure 2 ). O(t) is the observable ratio, that is, the ratio of the detectable area to the area of a square surrounded by four baits (see Supplementary Fig. S2 ). A detectable area is an area inside which fire ants may be caught and detected should a nest exist there. It is the area inside a circle, the centre of which is positioned on a bait (as in Supplementary Fig. S3 ); the radius of the detectable area,
is the radius of a nest (or nest mound) and r s (t) is the radius of a foraging territory (see SI section 3 for a full explanation). When the bait location is not shifted, O(t) is given as follows. (See SI section 4 for the case in which bait location is shifted.)
Here, l b is the spatial interval of baits (or "bait interval"). O(t) increases if r(t) increases and decreases if l b increases. Thus, the second term in equation (1) denotes the radius-and bait-interval-dependent probability that a fire ant nest will be detected at time t. r c (t) and r s (t) are defined as functions of the number of adults in a nest, S(t), as follows:
Here, β is a ratio to convert the number of adults in a nest to territorial area, t s is the age of a nest when adults start searching for resource, and S(t) is obtained empirically 34 . See Table 1 for the values of parameters and constants. d is deduced from equation (4) and the assumption that the radius of a fully-grown (S(t) = 22, 000) nest is 15 to 20 m (including underground tunnels), depending on the soil conditions. β is deduced from equation (5) and the results of a survey that the territorial area is approximately 1/1000 times the number of adults in a nest 36 . Worker ants start searching for resources 2 to 4 weeks (roughly 1/17 of a year) after the nest is established. Monitoring a small area via densely set baits means low thoroughness (A m ) and high effectiveness (O(t)), which would result in low D(t). Similarly, monitoring a large area via sparsely set baits means high thoroughness and low effectiveness, which would also result in low D(t).
Data Availability
All data generated and analysed during this study are included in this article (and its Supplementary Information file). More details are available from the corresponding author on reasonable request.
Results
Three-year detection rates when bait location is not shifted First, we will assume that the locations of baits are not shifted and monitoring is conducted once at t = 3 years. O(t) increases logistically until its value reaches 1 (Figure 3a) , because it is dependent on the radius of the nest and the radius of the territory (Figure 3b ), and both radiuses are dependent on the number of adults in the nest, which also increases logistically ( Figure 3c ).
We plotted the detection rate at t = 3 years rounded to two decimal places (the 3-year detection rate) as a function of monitoring range around the source nest (r m , in metres) and the bait interval ( Figure 4 ). D(t) = 1 implies that if the fire ants have dispersed from the source nest, then they will all be detected.
Expanding the monitoring range increases the detection rate, especially up until a range of 3 km. The rate of increase in detection rate gradually slows, because the existence probability of fire ants become low over 3 km in the optimistic case ( Figure 2a ) and 5 km in the pessimistic case ( Figure 2b ). The detection rate is approximately 1 when 4 km around the nest is monitored in the optimistic case or 6 km around the nest is monitored in the pessimistic case. Detection rates when the monitoring range exceeded 6 km were omitted in the pessimistic case ( Figure 4b ) because they were approximately 1.
When the entire area where fire ants may exist is monitored, it is only when the bait interval l b is 20 m that the detection rate becomes 1 within 3 years (Figure 4 ). This finding implies that the bait interval has to be small to completely detect 3/15 fire ants. Furthermore, when the monitoring range is reduced to reduce the cost, the 3-year detection rate is as low as 31% (optimistic case) or 17% (pessimistic case) with the smallest bait interval and smallest monitoring range (Figure 4 , l b = 20 m, monitoring 1 km around the source nest).
Comparison of the results of the optimistic and pessimistic cases shows that, even with investment in the same monitoring cost (i.e. use of the same monitoring range and bait interval), the 3-year detection rate is 24% higher in the optimistic case than in the pessimistic one (Figure 4 , l b = 20 m, monitoring for 2 km around the source nest). This suggests that early detection of source and second-generation nests is vital.
years detection rate when devising trap location
Now we will assume that the locations of baits are shifted for the repeated monitoring: baits are located at (x t i , y t j ) = (i × l b , j × l b ) (i, j = 0, ±1, ±2, ..., ±2 × r m /l b ) during the first monitoring at time t = 2.5, and at (x
in the subsequent monitoring conducted at time interval t int = 0.5 after the first (see Supplementary Fig. S3 ). In other words, the bait locations are shifted to half the bait interval in the directions of the x-and y-axes. When the locations of baits are shifted, the area detectable through repeated monitoring expands ( Figure 5 ), thus improving the detection rate. Remarkably, the bait interval can be increased 1.5 times, from 20 m to 30 m, by revising the bait location, while maintaining the detection rate at 1 (Compare Fig. 4a with Fig. 6a, and Fig. 4b with Fig. 6b ). This implies that the monitoring cost could be cut roughly by half-the inverse of square of 1.5 to be precise, when shifting the location of baits.
We summarised the cost of monitoring, number of bait traps required, when bait location is not shifted and shifted ( Table  2 ). The least-expensive monitoring strategy in the optimistic case is to shift the location of baits and monitor 4 km around the source nest with bait-intervals of 30 m, and 6 km around the source nest in the pessimistic case. Although there are two monitorings when the location of baits are shifted, the cost of monitoring is less than the case of which the bait location are not shifted, because the cost decreases the inverse of square of 1.5 times by revising the bait location.
Discussion
We used mathematical modelling to study the efficiency of monitoring strategies to detect and eradicate invasive ants in the early stage of their invasion. Setting the time limit to 3 years, the most efficient monitoring strategy is to conduct monitoring shifting the locations of traps and setting them at intervals of 30 m in each monitoring ( Table 2 ).
The preferred monitoring range depends on how early or late the source nest is found. In the optimistic case (i.e. the source nest is found immediately after alate queen production starts), the preferred monitoring range is a radius of 4 km around the source nest. In the pessimistic case (i.e. the second-generation nests are found 3 years after alate queen production starts, so that the third-generation nests have become established), the preferred monitoring range is a radius of 6 km. Reducing the monitoring range to 3 km or less in the optimistic case and 5 km or less in the pessimistic case may allow fire ants to spread and thus should be avoided (Figure 4 and Figure 6 ).
Early detection of first-and second-generation nests is vital, because the 3-year detection rates differ substantially between the optimistic and pessimistic case when the monitoring cost is the same. (Compare Fig. 4a with Fig. 6a, and Fig. 4b with Fig.  6b .) We ignored the relocation of nests here. However, if relocation is considered, then shifting of trap locations will not be effective; the results for the case in which trap locations are not shifted should be used to assess the efficiency of monitoring in the case of nest relocation (Figure 4) .
We assumed here that bait traps were used, but the type of trap used will vary with the object species. Actual detection rates are subject to the effectiveness of individual bait traps; use of the appropriate trap therefore becomes important in applying these results to eradication programs. The effectiveness of traps for certain species was not our target here, but it has been explored elsewhere 38, 39 .
Note that the average dispersal distance of fire ants depends on the air temperature: the hotter the ambient temperature, the farther the dispersal. The monitoring area therefore would need to be expanded in tropical and subtropical regions. Colony growth rate also depends on temperature. We set the time limit of monitoring to 3 years, assuming the climate of mainland Japan, because independently founded colonies start to produce alate queens within 3 years under climatic conditions that are close to those at the northern end of the fire ants' potential distribution 25 . The monitoring time limit should therefore be shorter in warmer regions such as Okinawa and Taiwan.
Detection of the source nest is crucial, because setting the centre of the monitoring range on a second-or third-generation nest would reduce the thoroughness of detection (see SI section 5). To avoid this error, the age of the nest should be estimated before the nest is destroyed. Two parameters might be helpful in estimating nest age: one is the number of adults in the nest, and the other is the age of the queen ant. Estimating nest age from the number of adults in the nest requires the estimation of a number of parameters such as intrinsic growth rate and carrying capacity; therefore, the utilization of queen age is preferred (see reference 40 ). However, collection of the queen in a monogynous field colony is also a difficult task that requires professional skills.
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To conduct monitoring efficiently, it is vital to know accurately and precisely the dispersal kernel of fire ants. We assumed a Gaussian distribution type of kernel, but if the actual kernel is more leptokurtic 41, 42 , or the average dispersal distance is shorter 31 , or the dispersal dynamics are more complex 43 -or any combination of these factors-then the detection rate decreases more rapidly with increasing distance from the nest.
The model presented here is applicable not only to fire ants, but also to a wide range of organisms that (i) establish colonies and (ii) have a dispersal kernel and a territorial area that can be defined. We calculated the detection rate as a function of bait interval and other parameters, but it would be convenient to have an equation to derive the minimum l b (the spatial interval of traps such as baits) required for the detection rate to be 1 until an arbitrary time t. The equations below give the minimum trap intervals when we assume that the entire area in which the object species may exist is monitored. Equation (7) covers the case in which trap location is not shifted or the object species frequently relocates its nests, whereas equation (8) covers the case in which trap location is shifted (see SI section 6 for derivation).
See Table 1 for the parameter list. Note that t + t int ≤ 3 if the object species is S. invicta, in order to avoid the production of next-generation queens. Substitute d = 200, t s = 1/17, β = 1/1000, and assume t = 3 for equation (7), and t = 2.5 and t int = 0.5 for equation (8) . Then, l b = 28.0 and l b,shift = 31.0. These values are confirmed as reasonable from our findings that the detection rate was 1 up to l b = 20 in Fig. 4 and up to 30 m in Fig. 6 . In applying these equations to species other than S. invicta, the species-specific functions of r(t) and S(t) have to be empirically determined. In practice, growth of the colony's territorial area may often be easier to monitor than that of colony size, because estimating accurately the colony size requires excavation of the whole nest in which the radius is 15 m or larger depending on soil condition. Tables. Table 1 . Table 1 . Parameters and constants.
Parameters and Constants Symbol Value Dimension Parameters
Monitoring range r m -(m) Radius of a nest or nest mound r c (t) -(m) Radius of foraging territory from the edge of a nest r s (t) -(m) Radius of detectable area, i.e. r c (t) + r s (t) r(t) -(m) Number of adults in a nest S(t) -(-) Spatial interval of traps such as baits l b -(m) Constants
Age of a nest when it is fully sexually mature t 1mat ,t 2mat ,t 3mat 3 (years) Temporal interval of the first and second monitorings t int 0.5 (years) Number of adults per square meter in a nest d 200 (m −2 ) Ratio to convert the number of adults in a nest to territorial area β 1/1000 (m 2 ) Age of a nest when adults start searching for resource t s 0.1 (years) 
